
Lecture 8 21st May 2025 ①

I
.

Quillen's superconnection
Gal : IndIEI analytical index of elliptic up

I

can betreated as a "characteristic form
via Quitten's super connection

#1 superconnection on superbundle
Let : A superbundle E on X is E = ET DE-

where Et , E- are two vector bundles on X

# FxeX Ex = EJDE is a

super vector space.

For E = E
+①E-

Ri , El = c(X ,
NT*X* El

E/2-graded or superspace
Let : A -Linear map

A : Mix , E
-> MIX ,El

is called a super connection of
& A is an old operator (exchange the

Elzz-grading MSE
② Al21S) = 121S + (1)121 As
LEviCX)

,
SERIX

,
El



②
Berk : An equivalent definition of a superconnection A

A = 4(E) -> RiX
,
El

is a first order different up ,
which is odd parity

and 61AIX , 3) = 5191 .

Then for GER'

Take AldXS) = &2xS +HK/EXAS
*&X , El

A = Ao + TE + Az + Az + ---- + AmHp : where Azj - 225/X , End "(E)

Azj+ 1 -225
+
(X , End(E)

DE = DETODE a classical connection.

Def : F = At curvature of A

RuR : Afs) = Aldfs + fAs)
=As+ df xAs + fAs
I

soa*e even/X
, End (El)@d(X ,

EndE

Sop (Bianchil [A
,
F3 = 0

LDef : ① Number operator N = 2: (x) +&
:

(X)(

Nick(x) = RId
② Normalization map



even

I : 2(X) -> even(X) ③
2 ↳Number

op.
Theorem : E = ETDE a complex supabundle on X

A a superconation
f(x = zgX] a formal power serves
They

① YTrsIf(-AP] - Geen(X) is "closed
form.

② Its cohomological class does not depend on
the choice of A
Moreover

[4TrsIfFAYS]aR= falEt1-facET
EHX)

.

Brot : P Since A = Ao + YE
+ An+-

A connectivel

=> dirsIGT = irs[tA , [T]

Therefore dirsIfEAT] = IrsIIA , frAT]]
= O

Bianchi

② Independence of A is similar to the case of
HW3 ,

1 facE , YE)
.

-

YE = O + DE + O + -- a superconnection11

DEQTE-



Then ④
4Trs[fl-A3] PTBIfl-RETORET]

= Y Trs [(fFREY SGRET]]
= TETYfRET]

- TEIf(zRET]
= falEtI-faCET #

RR : f(x1 = eX us chern character

#2 The baby case X = Pt.

rector bundle = vector space
E = E

+&E
=

D : Et -> E- a linear operator
Take Hermitian metrics GET

,
hE on Et

,

E

Pet : D*: E
-> Et a up, of D wrt .

hE

is the unique
lonear op .

S
.

t. F a fEt
,
bEE-

hE"(D
*

b
,
al = GET cb , Dal

Now take
p = 10 D

*

) End self-adjoint
is a superconnection

Then A = (P*DoA)



Now Chern character ⑤
chIE , Al = TrIe-Ay e Ricpt = &

15%pt
= TraIe-C** ]

Replace A by JA ,
still superconnecting

=> ChIE ,
JA) is independent of to o

Then 3. 2

chIE
, Al = for ChE , EA

D
*DE EudCET) = ComTstet

= (ImDI
+

= dim her D - dam kerD
*

D
*
Do

=
domkenD - dowcokerD = Ind (D)

"operator is superconnection and IndiD) is a

chern character "

Ek:LimchE ,Al = TEITd] = domEt-dinE
= dcEt -chCE
classical chern

characterIndex there for dim = 0

End(D1 = /chiEt-chE #



#3 chern character Ch1GCP1) ⑥

I elloptic of
PCEI- PCF polynomials along T

*
X

= Eck) =C
*
IX
,
SCTXIQHOMCE , Fl(

T*X+ X C C
*
CT
*

X
,

HomIE ,
i
*

F)

Now : weregard
*EDE*F as a superbunde on T

*

X

+ -

we also fix Hermitian metrics gE , gF ut onE, F
↓

5(1)(x
, g)
- Hom(**E,

*

Fl ↑*X

-> pointwise a G*x , g) @ Hom(*F,
**E)

A = 1 SHEETI
a superconnection on YEPF1 -> T*X

Defunction : ch10111 = 4T Top1-177 Even,*X
: 12 = (a*52)p*) + u potent esas

O

of deg1 = k > 0
~ grows LoR 1912k as 11 - +



As a consequence , coefficient of
~-15Ch15cI1) decays

when X is compart ,
FG-RX).

/chicLIXTE] is always well-defined
T
*
X

Enfact : [Ch/(111] @Heen( +*X) , independent of
↑ cpt suppt metrics

,
connection

or the smooth

deformations SPtTtEl
Link : · Superconnectonot needed for the proof of Ayah-sugar

index Being ,
but helps us to understand of

· It is a good approach for the family rudex theory
.

Rak & Questions : 1 : CIX
,
El -> C

*
IX

, FI eloptic
1) Trs [ep1- + /P

*

]T] well-defined ? Yes

infinite-dimensional
of heat operator

pentranceex
2) // is independent of to o ? Yes

3)Emty [ ... ] = Ind(41 ? Yes

Thisfocal limite

4) fomTrs[-.) = S. exists onlyo he
"heat kernel approach for index theory ofDirPirac up !


